ANALOGUES OF A TRANSFORMATION FORMULA OF 

RAMANUJAN 



ATUL DIXIT 



Dedicated to Professor Bruce C. Berndt on the occasion of his 70th birthday 

Abstract. We derive two new analogues of a transformation formula of Ramanujan 
involving the Gamma and Riemann zeta functions present in the Lost Notebook. 
Both involve infinite series consisting of Hurwitz zeta functions and yield modular 
relations. As a special case of the first formula, we obtain an identity involving 
polygamma functions given by A. P. Guinand and as a limiting case of the second 
formula, we derive the transformation formula of Ramanujan. 



1. Introduction 

In the volume [9] containing Ramanujan's Lost Notebook are present some manuscripts 
of Ramanujan in the handwriting of G.N. Watson. The first of these manuscripts con- 
tains the following beautiful claim (see [9], p. 220]). 



Theorem 1.1. Define 



(x) := ijjix) + ^ - logx, 



where 



r{x) 

Tlx) 



m=0 



m + X m + 1 



;i.2) 



the logarithmic derivative of Gamma function. Let the Riemann's ^.-function be defined 
by 

as) :=(.-l)vr-|T(l + i.)C(.), 

and let 

Eit) := + ^t) (1.3) 
be the Riemann E-function. If a and (3 are positive numbers such that a(3 = 1, then 



7 - log(27ra) , v;^ , . . 
a < z h > (p{naj 

n=l 



2a 



7 - log(27r/?) , ^ ■ 
— + ^0(n/5) 



7,3/2 



n=l 
2 



COS (|t loga) 

l+t2 



dt, (1.4) 



where 7 denotes Euler's constant. 
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A. P. Guinand [2[|3] rediscovered the first equality in fll.4p in a slightly different form. 
Recently, B.C. Berndt and A. Dixit pQ proved both parts of (11.41) . A key element in 
their proof was the identity [T^j p. 260, eqn. (22)] or [8], p. 77, eqn. (22)], true for n real. 



°° ^-l + it\ ^ /-l-it\ fl \Y cosnt 







^3/2 r ( 1 _ J_\ ( \_ \ Q 5^ 







Ramanujan's paper [7] consists of other equations similar to (11.51) . Motivated by the 
use of (II. 5p in deriving (11.41) . we work with two other equations, namely equations (19) 
and (20) in [7j, to derive two new analogues of (11.41) . However, it must be pointed out 
that equation (19) in [7], as it stands, is incorrect. The second term on its right-hand 

side, namely, — -(47r) * 2 ' r(s)C(s) coshn(l — s) should not be present. Equations (19) 
(corrected) and (20) are respectively as follows: 

Theorem 1.2. For Re s > 1 and n real, we have 

^ / s - 1 + it\^ / s - 1 - it\ ^ /t + is\ „ /t - is\ cosnt 



\ 4 J \ 4 J \ 2 J \ 2 J {s + iy + t^ 
= (e-" - l)"(e--" - 1) ^'-'^ 

where E{t) is as defined in lil.3\) . 

Theorem 1.3. For —1 < Re s < 1 and n real, we have 



00 



^ . s — 1 + it\ _^ / s — 1 — it\ ^ / 1 + is\ ^ / 1 — is\ cosnt 







4 /V 4 /V2yV2y(s + 1)2 + ^2 

^] (^ 



1,4.)-^ f.' - ^) - i ) (1.7) 







where again E{t) is as defined in U.3\) . 

The identity (11.51) is the special case s = of (II. 7p . Now we state the two key 
theorems in this paper which give two new analogues of (11.40 . 

Theorem 1.4. Let C(-2?'^) denote the Hurwitz zeta function defined for Re z > 1 by 

00 ^ 
^ (n + aY 

n=0 ^ ' 
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If a and j3 are positive numbers such that a[3 = 1, then for Re z > 2 and 1 < c < Re 
z-1, 



oo 



c+ioo 

T{s)Cis)T{z - s)Ciz - s)a-' ds 

c—ioo 



2mr{z) 

]{47t)^ /"""^ - 2 + - 2 - it\ I't + iiz - 1)\ _ ft-i{z - l)\ cos {\t\oga) 



V{z) Jq \ A J \ A J \ 2 J \ 2 J z'^ + t'^ 

(1.9) 

where S is defined as in U.3\) . 

Theorem 1.5. Let < Re z <2. Define (p{z,x) as 

ip{z,x) = C{z,x)-^x-' + ^—, (1.10) 

where ({z, x) denotes the Hurwitz zeta function. Then if a and [3 are any positive 
numbers such that a(3 = 1, 



tt2 



l{47i)^ ^ ^z-2 + it\^ ^z-2-it\_ ft + i{z - l)\ _ ft-i{z - l)\ cos {\t\oga) 



T{z) Jq \ 4 J \ 4 J \ 2 J \ 2 J z'^ + t'^ 

(1.11) 

where S(t) is defined in U.!J\) . 

This paper is organized as foUows. In Section 2, we review some basic properties 
of Mehin transforms which are used subsequently. Then in Section 3, we derive an 
analogue of (11.41) . namely (II. 9p . using two different methods, both of which make use 
of (II. 6p . In Section 4, we derive a second analogue of (11.41) . namely (II. lip , which makes 
use of (11.70 . and gives (ll.4p as a limiting case. Finally in Section 5, we prove (11.61) . 

2. Basic Properties of Mellin Transforms 
Let F{z) denote the Mellin transform of f{x), i.e., 

POO 

F{z) = / x'-^f{x)dx. (2.1) 
Jo 

Then the inverse Mellin transform is given by 



1 



c+ioo 



/(x) = — / F{z)x-^dz, (2.2) 



C— lOO 



where c lies in the fundamental strip (or the strip of analyticity) for which F{z) is 
defined. We also note the Mellin convolution theorem [6l p. 83] which states that if 
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F[z) and G{z) are Mellin transforms of f{x) and g{x) respectively, then 

POO 1 /'C+ioo 

/ x'-^f{x)g{x)dx = — :/ F{s)G{z - s) ds, (2.3) 
Jo 27ri Jc-ioo 

c again being in the associated fundamental strip. 

Now let F{z) be related to f{x) by (12.11) and (12. 2p . where /(x) is locally integrable 

on (0, oo), is 0{x~°') as x — *• O"*" and 0{x~^), where b > 1, as x —>■ oo and a < c < b. 
Then for max{l, a} < c < b, we have 

°° 1 pc+ioo 

J2f{nx) = — Fis)as)x-'ds, (2.4) 

where ('(■s) denotes the Riemann zeta function (see [HI p. 117]). 

3. The first modular relation involving Hurwitz zeta functions 
Theorem 3.1. Let C{z,a) denote the Hurwitz zeta function defined for Re z > 1 by 

oo ^ 

^ (n + aY 

If a and [3 are positive numbers such that ajS = 1, then for Re z > 2 and 1 < c < Re 
z-1, 



oo 

a~2 



a2 



27TiT{z) 



c+ioo 

r(s)C(s)r(z - s)C{z - s)a-' ds 

ioo 



(47r)V j-^^ ^ /'z~2 + it\^ f z-2-it\_ f t + i{z - 1)\ _ [ t - i{z - l)\ cos (|tloga) 



T{z) \ A J \ A J \ 2 J \ 2 J z'^ + t^ 

(3.2) 

where E is defined as in U.3\) . 

First proof: Replace s by z — 1 in (11.61) and then multiply the resulting two sides 

2 — 4 

by 8{A-7t)^~ e~^^ , so that for Re z > 2 and n real, we have 



4 J \ 4 J \ 2 J \ 2 J z^ + t'^ 



x^ 1 



"""""io (e-"-l)(e--"-l)'^''- (^-^^ 
The integral on the right-hand side of (13. 3p can be viewed as the Mellin transform of 

the product of — and -—^ -. 

e — 1 e *^ — 1 

But from (TUl p. 18, eqn. 2.4.1], we know that for Re 2; > 1, 

roa +2—1 

r(^)C(^)= / —-dt. (3.4) 
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Employing a change of variable t = xe" in (13.41) . we deduce that 

e— r(^)C(^)= / —^dx. (3.5) 
Jo ^ ~ ^ 

Similarly letting t = xe~^ in (13. 4p . we find that 

j-oo z-l 

e-^Tiz)az)= / dx. (3.6) 

Jo ^ ~ ^ 

Thus from (12.31) . (13.51) and (13.61) . we see that for 1 < c < Re 2; — 1, 

POO rf.z—1 1 pc+ioo 

(3.7) 

which can be written as 

]^ pc+ioo 
/7 7* = 

/o (e-^" - l)(e---" - 1) 27ri 
Letting n = | log a in (13.31) and (13.81) and combining them together, we arrive at 

^|£=l -I /-2-2 + it\ ^ _ ft + i{z- 1)\ _ (t-i{z- l)\ cos (it 







4 y\^4 yv 2 yv 2 y^^^ 

= — : / r(s)C(s)r(z - s)C{z - s)a-' ds. (3.9) 
27ri J c—ioo 

Upon simplification, this gives the last equality in (13. 2p . Now since l<c<Re2; — 1, 
on the vertical line Re s = c, we have Re (z — s) > 1. So we can use the representation 

oo ^ 

C(--^) = Ef^- (3-10) 

fc=i 

Using (13.1 op on the right-hand side of (13.90 . we find, by absolute convergence, that 

— / r(.)c(.)r(^ - s)az - s)a"^ ds = Y^ ^~ V / r(.)c(.)r(;^ - .) (- ) ds 

.1 r^*°° ^r(s)r(2-s)\ , , 
Now we know that for < Re s < Re 2;, Euler's beta integral B{s,z — s) is given by 

, r(s)r(2-s) 

In other words, B(s, z — s) is the Mellin transform of Now for Re 2; > 2, 

^ ^ (i + xY 

f{x) := — -j- — -J is locally integrable on (0, 00). Also, as x — 0"*", /(x) = 0(1) and as 
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X — i> oo, /(x) ^ — = O ^ ^ • In particular, for 1 < c < Re 2; — 1, using (12 ■4p and 
(I3J2]1 . we find that 

r"C+j00 

xm)-^ (3.13) 



— / 5(s,z - s)C(s)x-'rfs = ^(1 + 



27ri 

The integral in the second expression in (I3.1ip can also be directly evaluated using 
formula 5.78 in \F, p. 202]. 

From (IXTTj) . flXT^ and (IXT^ . we arrive at 

1 ^ .v^, am\-- 



1 pc+ioo _ _ _ _ 

— / Tis)as)T{z - s)C(^ - ds = Viz) E + 



CXJ CXJ CXJ y , 

r(^) E E + ""^)"' = ""'r(^) E M ^' 1 + - ) ■ (3.14) 

k=l m=l k=l ^ ^ 



Invoking (I3.14p in (13.91) . simplifying and rearranging, we see that 



00 



A;=l ^ ^ 



K47r)^ P ^ / z-2 + tt \ ^ / z-2-it \ ^ r t + t{z-l) \ ^ r t-i{z-l) \ cos (|t log a) 



Jo \ 4: J \ 4 J \ 2 yv 2 J z^ + t"^ 

(3.15) 

Now replacing a by /5 in (13.151) . we see that 



rtgc(-.i.|) 



]{4n)^ ^ /'z-2 + it\^ /z-2-it\_ ft + i{z - l)\ _ ft-i{z - l)\ cos {\t\og(3) 



V{z) \ A J \ A J \ 2 J \ 2 J z'^ + t'^ 

i(4.)^ r^(,-2+,f _ .„ . 



4 


y 


/ - 


2 - 2 - 


^^^ 


[I 


4 






^ - 2 - 




[I 


4 







T{z) \ A J \ A J \ 2 J \ 2 J z'^ + t'^ 

l{A7i)^ ^ /z-2 + it\^ /z-2-it\^ /t + i{z-l)\ „ /t - i{z - 1)\ cos (|t log a) 



2 




t + z(z - 


1) 


2 




t + i{z- 


1) 


2 



Jo \ 4: J \ A J \ 2 J \ 2 J z^ + t^ 

(3.16) 

Thus (13.151) and (13.161) establish (13. 2p and this completes the proof of Theorem 13. 1[ 

□ 
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Second proof: Letting n = \ log a in fl3.3p and multiplying both sides by — — , we 

T[z) 

see that 

8(47r)^ r [ ^ - + it \ ^ [ z - 2 ~ it \ ^ [ t + i{z - l) \ ^ [ t - i{z - l) \ cos (|t log a) 
m Jo \ ^ J [ ^ 2 )^[ 2 ) z- + t- 

1 /"°° x'"^~^ 

dx 



T{z) Jo (e^v^ - l)(e^/v^ - 1) 



Viz) Jo (e*-l)(e*/--l) 



(it, (3.17) 



where in the penultimate line, we have made a change of variable t = Xy/a. 
Now, 

.dt= I - — — 2^ e"*^*/" dt 



r{z)Jo (e*-l)(e*/--l) r{z) 



k=l 



E/ -^—^dt, (3.18) 



r(z)^./n 1-e 



where the order of summation and integration can be interchanged because of absolute 
convergence. But from [lOl p. 37, eqn. 2.17.1], we know that for Re z > 1, 



({za) = -— dx. (3.19) 

Using flXTQj) in flXTSj) . we deduce that 

" / -rft = a-iycU,l + - . (3.20) 

r{z)Jo (e*-l)(eV--l) «; ^ ^ 

Thus from (13.171) and (13.201) . we derive (13.151) . Following the same argument as shown 
in (I3.16p . we obtain the other equality in (13. 2p as well. This finishes the second proof. 

□ 

Corollary 3.2. For Re z > 2, we have 

oo 
k=l 



5(47r)V ^ / z ~2 + it\^ f z -2-it\ ^ ft + t{z - 1)\ ^ ft -i{z dt 



T{z) Jo V 4 J \ 4 J \ 2 J \ 2 J z^ + t"^' 

(3.21) 

Proof. Set a = 1 in (13. 2p and note that from [lO, p. 35], for 1 < c < Re z — 1, we have 
— / Ti.s)as)T{z - .s)az -s)ds = Tiz) (C(^ - 1) - C(^)) • (3.22) 



□ 
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3.1. Guinand's formula as a special case of (13721) . Let ip^''\x) denote the k^^ 
derivative of the digamma function iIj{x) defined in (11.21) . also known as the polygamma 
function of order k. In [3], Guinand gave the following formula 

oo oo 

^ (1 + nx) = x-^~^ ^^'^ + -) ' (^-^S) 

n=l ra=l 

where k > 2. We derive this formula as a special case of (13.21) . Let z be a natural 
number greater than 2. From (II. 2p . by successive differentiation, we find that 

oo ^ 

m — 1 + a; r 

m=l ^ ' 

Thus, 

oo oo oo ^ 

aij:,M-'>(l + ka) = (-!)'(. - l)!a.i ^ ^ ^^^^ 

k=l k=l m=l ^ ' 

oo oo ^ 

= i-iYiz - i)!ai y y —— 

^ ^ ^ ^ ^ ^ + ^ct)^ 

m=l k=l ^ ' 



'-iY{z - i)\a^ y y - — -— 

m=l k=l ^ ' ' 

oo 

:-l)^(^-l)!a^Ec(^,l + ^), (3.25) 



a 

m=l 

where the change in the order of summation in the second equality is justified by 
absolute convergence. 

Then from (I3.25P and (13. 2p . we obtain the following alternate version of (13.21) when 
2; is a natural number greater than 2, 

00 

k=l k=l 



8(-l)"(47r)^ 



X V /^~2 + it\ ^ /'^-2-^^^^ „ (t + i{z- l)\ _ (t-i{z-l)\ cos (|t log a) 



(3.26) 

since r(2;) = — 1)!. To obtain ( 13.23p . we simply replace by n, z — 1 by fc, a by a; 
and (3 hy 1/x in the first equality of (13.261) . 

4. The second modular relation involving Hurwitz zeta functions 
Theorem 4.1. Let < Re z < 2. Define ^{z,x) as 

1 x^~^ 

^{z,x) = C{z,x)--x-' + ^—-, (4.1) 
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where Ci.^^^) denotes the Hurwitz zeta function. Then if a and [3 are any positive 
numbers such that a(3 = 1, 



a2 




z~2-it 



i[z 



- 1 




where E(t) is defined in ^1.3\) . 

Proof. The asymptotic expansion of C(-2,a;) [4, p. 25] for large \x\ and | arg x\ < vr is 
given by 



Ciz, ^) = f^[ ^'"'r(z - 1) + -Tiz)x~^ + (^r(^ + 2n - j +0(x-2'— 1) 

(4.3) 

oo oo 

Hence for < Re 2; < 2, the series ^^(/9(z,na) as well as 'Y^ip{z,nP) are analytic 

n=l n=l 

functions. The proof of (14.21) that we give is along the similar lines as the first proof in 
py except that here we have to take care of two parameters z and a instead of just a 
in [T]. We first prove the result for 1 < Re 2; < 2 and later extend it to < Re 2; < 2 
using analytic continuation. 

Replacing s by 2; — 1 in (II. 7p . we find that for < Re 2 < 2, 



°° fz-2 + it\ fz-2-it\_ft + i{z-l)\_ft-i{z-l)\ cosnt 











gxe" _ ]^ 2;e" / V e^'^ " — 1 xe 



Multiplying both sides of (14. 4p by 8(47r) ^ 2 ^ and then letting n = | log a, we see that 



(-^ - 4=1 f-TTT^ - dx. (4.5) 
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Making a change of variable x = lutj ^fa in the integral on the right-hand side of (14.41) . 
we see that 



z - 2\ it\ ( z-2-%t\ ^ (t^%[z - \)\ ^ (t-%{z - \)\q.o^ (it log a) 

V 

2t:Y r ( \ w ( 1 1 



dt 



V"/ h \e^''^-\ 21x1 ) ye^^'^l'^ -I 2Txt/a 

—V r ( i - 1 a 

= + /2(2:,a), (4.6) 
where 

'^^'"^~V7^J X ^ 1^ (e2W- - I)(e2-* - 1) " 27rt(e2-* - 1) + J ' 

(4.7) 

and 

h{z, a)=( ^] ' r ( ^ , + - ^) dt. (4.8) 

First, 
Ii{z,a) = ( ^ ) X 



a 

°° - / 1 a 1 1 e"*/" 



.2-1 



e27rV" _ i)(e2Ti _ 1) 27rt(e2^*-l) 2(e2^* - 1) 2(e2^* - 1) Ant 
271 Y t'-^ / I 11 



- dt 



2a^/2 Jo Ve^''* - 1 

= h{z,a) + h{z,a), (4.9) 

where 

/ 277 \ ^ /'°° t"""^ / I 1 1\ 



and 

Now for evaluating 13(2;, a), we make use of the following formula [4, p. 23] valid for 
Re 2 > — 1 and Re a > 

Since t > 0, expanding in terms of its geometric series, interchanging the 

summation and integration because of absolute convergence and then using (I4.12p , we 
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find that 

/ 27r y p / 1 1 1\ 

X l(e2W« - 1) - ^ + 2 J 

n=l ^ ' 

oo 

/2r(z)5^^(z,na), (4.13) 



n=l 



where in the antepenultimate line, we have made a change of variable x = 2TTt/a. Next 
we evaluate l4{z,a). Since Re z > 1, using (13.41) and the integral representation for 
r{z — 1), we find that 



a) = -^4^ ( 2n I 4^:— dt - / t^^^^-*/" dt 



(27r)-i / 27r 



2a^/2 V(27r) 



:r(^)C(^)-a^-^r(^-i) 



" 'r(z)C(z) + ^(27r)--ir(z-l). (4.14) 



2 ^ ' 2 
Hence from ( l49l) . (14. 13p and (I4.14p . we conclude that 



h{z, a) = a^/'T{z) ^(^^ " ^riz)az) + ^{2ny-^Tiz - 1) (4.15) 



n=l 



It remains to evaluate l2{z,a). Now from \10^ p. 23, eqn. 2.7.1] for < Re 2; < 1, 
we have 



oo / 1 

z-l I ^ 



Thus employing a change of variable u = 2TTt/a in (14. Sp and then using ( ]4.16p and the 
integral representation for F (2; — 1), we see that 



00 



hiz, a) = -a2 ^ I 1 ( , , ^ - ^ + ^ 1 du 



1 e-"/2^ 
M(e" — 1) 2u 

-a^-^ ( r(z - l)C(z - 1) + i(27r)^-ir(^ - 1) ) . (4.17) 
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Finally from (14.61) . fl4.15p and fl4.17p . we see that after simplification 

1^ I 7. — •/ A- It \ 

r 



8(47r) 



a2 



r 



4 



z-2-it 



t + i{z- 1) 



z, na 



a{z - 1) 

Now replacing a by /5 in (14.181) . we find that 

C(^-i)' 



t-i{z-l)\ cos (it log a) 
z^ + t^ 

(4.18) 



dt 



,n=l 



K4vr: 



r(.) 

K47r)^ 
K47r)^ 



r 



r 



r 



2/?^ /5(z-l) 
^ - 2 + it" 



z-2 + it 



z-2 + it 



z-2-it\ ^ 



4 






;z - 2 - 




[I 


4 






2 - 2 - 




[I 


4 







t + i 




1)^ 


1^ 




2 






t + i 






1^ 




2 






t + i 


[z- 








2 







^ft — i{z — l)\ cos [\t\og0) 
z^ + t^ 

^ f t - i{z - 1)\ cos (|tlog^) 

z^ + 

^ft — i{z — l)\ cos [\t log a) 



dt 



dt. 



(4.19) 

Thus ( ITTSD and fgrTOD imply (gi^]) for 1 < Re ^ < 2. Now observe from (03]) that the 
right-hand side of (14. 2 p is analytic for < Re 2 < 2. Also on the left-hand side of (14.21) . 
z = 1 is a removable singularity because the residue of C,{z) at 2; = 1 is equal to 1 and 
because C(0) = —\. Hence by analytic continuation, (14.21) holds for < Re z < 2. □ 

As a limiting case of (14.21) . we obtain Ramanujan's transformation formula, i.e., 
equation (11.41) . 

Corollary 4.2. // 

<p{x) ■.= i){x) + ^ -\ogx, (4.20) 
2x 

and a and (3 are positive numbers such that a(3 = 1, then 



a 



7 — log(27ra) 
2^ 



+ ^(f){na) 



7 - log(27r/3) 



n=l 



2/5 



+ ^0(n/3) 



n=l 



3/2 



-1 + it 
~4 



cos (|t loga) 

l + t2 



dt. (4.21) 



Proof. Let 2; — > 1 in (14. 2p . Then using Lebesgue's dominated convergence theorem, we 
observe that 



lim a2 



na] 



3/2 



n=l 

00 



a{z — 1) 



t\T 



2a' 



lini/52 I (^(2;, n/5) 



213' 



it 



4 



cos loga) 
1 + ^2 



(it 



/5(z-l)_ 
(4.22) 
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Now since ^^j^ '■p{z, no) and Yl^=i fi^y ^(^) converge absolutely and uniformly in a 
neighborhood of z = 1, which can be seen from (14 ■31) . we observe that 



lirn a2 I (p{z, 



na 



lim a2 

2^1 



lim a2 



5^(lim^( 

n=l 

oo 



a{z - 1) 
lim 



z,na) ] — 



lim 



1 V a{z - 1 



vn=l 



1 V 2a^(2-l 



lim 



+ 



But it is known [TOl p. 16] that 



lim ( C(s) - 



1 



Hence 



lim 



s- 1 
1 



7- 



>iV2a^ 2a^(z-l) 
Next using L'Hopital's rule, we see that 



1_ 
la 



i V2a^(z - 1) ' a{z - 1) 
(4.23) 

(4.24) 

(4.25) 



lim 



1 ^C(^-i) 



iV2a^U-l aiz-V, 



1 \^2a^-K{z-\] 
hm ■ hm 

z-*\ 2a^ 2; - 1 



lim — • lim {2a^-^({z - 1) + 1C,{z - l)a^-^ log a) 
^(2C'(0) + 2C(0) loga 



log(27ra;) 
2a 



(4.26) 



since C(0) = -\ and C'(0) = -|log(27r) [11 PP- 19-20, eqns. 2.4.3, 2.4.5]. Now noting 
that gi p. 23] 



2^1 



lim C,{z,a) 



1 



z-1 



(4.27) 



and using L'Hopital's rule again, we observe that 
lim ifina) 



2-»l 



2^1 



lim 

2^1 



1 



lim ( C^{z^na) {na 



\na 



1I-2 



C(z,na) - 



1 



1 - z 
(na)~^ 



+ 



{na) 



1-2 



1-z 



1 — (na) logna 

—w{na) h lim 

2raa z^i -1 
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= —ip(na) ^ — h log(na) 

= -0(na), (4.28) 

where (j){x) is as defined in flCTj) . Hence from fOSD . fOSD . K26\f and fOS]) . we 
find that 



hm a^[j:<p(z, na) - _ = _ ^ + <Kna 

vn=l / \ n=l 

(4.29) 



Thus from (g^D, and fg:^ with a replaced by (3, we obtain 

^ / 7 - log(27ra) , >^ , , .1 / 7 - log(27r/?) , >^ , , 



2a A-.-^ ' M V 2/3 

n=l J I n=l 



1 



7r 



3/2 



2 / V 4 



cos loga) 



dt. (4.30) 



Multiplying (14.301) throughout by —1, we arrive at (14.211) . □ 

5. Proof of (fLGl) 

Here we show that the second term on the right-hand side of equation (19) in [7], 

1 (3-3) 

namely, — -(47r) 2 r(s)(^(s) coshn(l — s) is not present and thus indeed that (II. 6p is 

actually the correct version of equation (19) in [7]. Since the exposition in Sections 4 
and 5 of [7| is quite terse, we will derive (11.61) giving all the details. We will collect and 
prove wherever necessary, several ingredients required for the proof along the way. 
First, equation (15) in [7j states that for Re s > — 1 and ajS = An"^, we have 

C(l-^) ^,(.-i)/2 , C(-g) „,(s+i)/2 , „,(s+i)/2 r r x-'sm{axy) 



^' ^ 4cos(7rs/2) 8sin(7rs/2) Jq {e^^'-" - l){e^^y - 1) ^ 

^ C(l-g) ^(s-l)/2 , C(-g) ^(.+l)/2 , ^(s+l)/2 /"^ /"°° Sm (/jxy) 

4cos(7rs/2)^ ^ 8sin(7rs/2)^ io io (e^-- - l)(e2-s/ - 1) ^" 

(5.1) 

C(i '-') 

This relation can be proved by obtaining integral representations for -— and 

4cos(7rs/2) 

((-s) 

and by using the identity (see ^, p. 253]) 



8sin(7rs/2) 



1 _± 1, (5.2) 



^27Ty _ 1 « 2 Ve"'^ - 1 ax 2 

Since we are concerned with the case Re s > 1, we prove (15. ip for Re s > 1 only. Other 
cases can be similarly proved. 

Now the functional equation for ({s) in its non-symmetric form [TOl p. 13, eqn. 2.1.1] 
states that 

Cis) = rn'-'T{l - s)C(l - s) sin (ivrs) . (5.3) 
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Using this and (13 ■41) . one can easily show that for Re s > 1, 

c(i-^) ^ 1 r x^-'dx 

4cos(i7rs) 2Jq e^'^^-l' ^ ' ' 

and 

C(-s) -1 p x'dx 



lsin(i7rs) 4 ./n e^^^^ - l' 



(5.5) 



Hence using (15. 2p . (15. 4p and (15.51) in (15. ip . we see that 



^(s+l)/2 r-oo 

G(s:a) = / —z -dx. (5.6) 

^ ' ' 2 Jo (e2^^ - l)(e°^ - 1) ^ ^ 

So (15.11) will be proved for Re s > 1 if we can show that 

(e2--_i)(e--l) "^^^ 2 io (e2---l)(e/^--l) ^^''^^ 

27r?/ 

But this is easily seen by making the substitution x = on the left-hand side of 

a 

( 15. 7p and using the fact that a(3 = Air"^. Thus ( 15. ip is proved for Re s > 1. 
Next, equation (17) in [2| states that when ajS = An"^ and Re s > — 1, we have 

^(^~^) / {s-l)/2 , o{s-l)/2\ , C(-g) S + 1 ( {s+l)/2 , o{s+l)/2\ 

4cos(7rs/2) (s-l)2 + t2 ^ ^ 8 sin(7rs/2) (s + 1)2 + ^2 ^" ^ 



oo poo 




^0 



axy s + 3 {axyY s + 7 \ x'^dxdy 



+ - ....... - ^ . . + 



1! (S + 3)2+^2 3! (5 + 7)2 + ^2' y (e27rx_l)(e2^s,_l) 



^ ^(.+i)/2 r r ff3xy s + 3 _ {Pxyf s + 7 ^ ^ x'dxdy 




^0 



1! (s + 3)2+t2 3! (3 + 7)2 + ^2' y (e2-x_l)(g2.y_l) 



2{^-3)/2r(i(s-l + zt))r(i(s-l-Zt))„ + /I «, 

' COS -tlog— . 



TT (s + 1)2 + ^2 V 2 ; V 2 7 V4 



(5. 



Letting a = (3 = 2ti m (15.80 and simplifying, we find that 
C(l-s) s-l ^ C{-s) s + l 



TT cos(7rs/2) (s - 1)2 + t2 sin(7rs/2) (s + 1)2 + t"^ 

.CO .CO ^2Trxy s + 3 {2Txxyf s + 7 \ x'dxdy 

+ X Jo V 1' (s + 3)2 + t2 3! (s + 7)2 + t2 (e2-_i)(e2-y-i) 
_ 1 V{\{s-l+it))T {\{s-l-it)) _ [ t + is \ „ / t-jg 

- T^{s+Z)/2 (s + l)2 + t2 " " 



(5.9) 



Now we know that for Re a > 0, 



oo 

„—au 



cosbudu = ^ -r. (5.10) 
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Using flS.lOp . we wish to replace the fractions of the form 
integrals. Since Re s > 1, for j > —1, we have 



s + j 



in ([53D by 



s+j 



^(^+j)«costu du. 



(5.11) 



Hence using (15.111) in (15.91) . inverting the order of integration because of absolute 
convergence and simplifying, we see that 



1 T {\{s-l + it))T {\{s-l-it))_ ft + is 



7r(«+3)/2 

C(i-^) 

7rcos(7rs/2) 7q 
+ 



[s + l)2+t2 



t — is 




^0 



V 1! Jo 

x^dxdy 



sin(7rs/2) 
e-(^+3)« cos tu du- 



e-(«+7)« cos tu du + ■ 



(g27rx _ l)(e2^J/ _ 1) 



[tt cos(7rs/2) 



+ 8e 



-{s+l)u 



CO poo 




'0 



sin(7rs/2) 
/ 2Tixye~'^'^ {2TTxye~ 



2u\3 



1! 



3! 



+ ■ 



x^dxdy 



(e2^^ - l){e'^^y - 1) 



cos tu du 



CO_^)_^-{s-l)u _^ C{ S) ^-(s+l)u _^ 8g-(s+l)« 



TT cos(7rs/2) 
X COS tudu. 



sin(7rs/2) 




-2m \ 



Jo 



x^ sin {2'Kxye 
(g2^x _ i)(e2^y _ 1) 

(5.12) 



dxdy 



Now let 
/(„) := ^(\~"L e-(-^) 



TT cos(7rs/2) 



sin(7rs/2) 



OO /"OO 




-2M^ 



^0 



and 



X* sin {2TTxye 

(e2^^ - l)(e2^s^ - 1) 
(5.13) 



dxdy, 



fit) ■■- 



1 r (i(s - 1 + it)) r (i(s - 1 - it)) _ ft + is\^ ft-is 



7r(^+3)/2 (s + 1)2 + t2 

Then from fl532D . fl57[3D and fl57[4D . we have 



(5.14) 



f{t)= / f{u) cos tudu. 



(5.15) 



Now we show that / is an even function of u. 
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If we let a = 27re^^" and (3 = 27re^" in flS.ip . upon simplification, we find that 

sin {2Tixye~'^^^ 



TT cos(7rs/2) 



sin(7rs/2) 




'0 ^0 

r>00 /"OO 



vr cos(7rs/2) 



sin(7rs/2) 




Jo 



(e27rx _ i)(e2^y _ i) 
x'^ sin {2iixye^'^^ 

(g27rx _ l)(e27rs/ _ 1) 



dxdy 



dxdy. 
(5.16) 



This proves that / is an even function of u. Also using the fact that S(— t) = we 
readily observe that / is also an even function of t. 

Then from Fourier's integral theorem and (15.151) . we deduce that for n real, 

f{t)cosntdt. (5.17) 



fin) 



TT 



Now define 



s + 5 

F{n,s) :=^/(n). 



Then from flSTTSD . flSTTij) and flSTTI) . we find that 

r (i(s - 1 + it)) r (i(s - l-it))_ ft + is\ ^(t-is 



F{n,s) 



[s + l)2 + t2 



TT cos(7rs/2) 



+ 



sin(7rs/2) 



+ 8e' 




(5.18) 

cos nt dt 

t' sin (27rt?/e-2") 



OO POO J.S , 



JO 



(e2^t_l)(e2^s,_l)^^^^)- 
(5.19) 



Substituting (O, ([EID and O in flCTj) . we find that 



F{n,s) 



s + 5 

vr 2 



TT 



2g-(s+l)n 



327ri _ 



PC 

+ 4e-(s+i)n / 



t'dt 



□ 27rt 



1 Ve 



1 



1 



o2nte 



1 2'Kte 



-2n 



(5.20) 



e^x 



Letting t = - — in (15.201) . we find that 
2tt 



F{n,s) 



s+5 
TT 2 



2s-%s+l 



OO ™S— 1 



x^ dx 



1) 2''7r 



x"* fix 



+ 



1 



x^dx 



2s-ivr«+i 7g (e^<=" - 1) Ve^'^ " - 1 xe 



1 r 

^2 



1,, x_{£:z3) 

-(47r) 2 



OO ™S— 1 



X* dx 



x'^ dx 



OO ™S 



x'^dx 



(e^^" - 1) 2 Jo (e^^" - 1) 
1 11' 
2 



(47r) 



(gxe" — 1) ye^*^ " — 1 xe 

f OO 



X* dx 



(e^-^" - l)(e^^~" - 1) 



(5.21) 
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Finally, we obtain ([L6D from flSTTOD and fICTD . 

Remark. Equation (11.71) . for — 1 < Re s < 1, is derived in a very similar manner as 
above, except that since Re s < 1, the first expression on the left-hand side of (15. 9p is 
C(l — s) 1 — s 

written as -— — and then we use the following equation, 

7rcos(7rs/2) (1 — s)^ + 



1 



/ e^'-^^"" COS tudu. (5.22) 
Jo 



(l-s)2+t2 

This along with similar analysis as above gives (II. 7p . Now it turns out that if we use 
(I5.22P instead of (15.110 with j = —1 when Re s > 1, then we do get the second term 

on the right-hand side of equation (19) in [7], i.e., — -(47r)^^r(s)C(s) coshn(l — s), 

as given by Ramanujan. This explains how Ramanujan was erroneously led to his 
equation. 
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